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A CORRECTION TO THE HYDRODYNAMIC LIMIT OF 
BOUNDARY DRIVEN EXCLUSION PROCESSES IN A 
SUPER-DIFFUSIVE TIME SCALE 

E. CHAVEZ, C. LANDIM 


Abstract. We consider a one-dimensional, weakly asymmetric, boundary 
driven exclusion process on the interval [0, A] Pi Z in the super-diffusive time 
scale where 1 We assume that the external field 

and the chemical potentials, which fix the density at the boundaries, evolve 
smoothly in the macroscopic time scale. We derive an equation which describes 
the evolution of the density up to the order tj\[. 


1. Introduction 

A theory of thermodynamic transformations for nonequilibrium stationary states 
has been proposed recently in the framework of the Macroscopic Fluctuation 
Theory mm- It defined the renormalized work performed by a transformation 
between two nonequilibrium stationary states in driven diffusive systems, and it 
proved a Clausius inequality which postulates that the renormalized work is always 
larger than the variation of the equilibrium free energy between the final and the 
initial nonequilibrium states. 

In quasi-static transformations, transformations in which the variations of the 
environment are very slow, the renormalized work coincides asymptotically with 
the variation of the equilibrium free energy. More precisely, fix a transformation 
u{t), t > 0, between two nonequilibrium stationary states, and denote by IU“'®"(u) 
the renormalized work performed by u. Let be the transformation u slowed 
down by a parameter e > 0, Ue{t) = u{te). Then, lime_>o IU"'®"(ue) = AF, where 
AF represents the variation of the equilibrium free energy between the final and 
the initial nonequilibrium states. Note that the asymptotic identity is attained 
independently of the transformation u chosen. 

Let us mention that the theory of thermodynamic transformations between 
nonequilibrium states, and the analysis of quasi-static transformations has been 
extended to the framework of stochastic perturbations of microscopic Hamiltonian 
dynamics in contact with heat baths in 

To select, among the slow transformations between two nonequilibrium station¬ 
ary states, the one which minimizes the renormalized work we have to examine the 
first order term in the expansion in e of the renormalized work. This question has 
been addressed in [3], where it was shown that for slow transformations between 
two equilibrium states the first order correction of the renormalized work is min¬ 
imized by transformations whose intermediate states are equilibrium states, and 
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where a partial differential equation which describes the evolution of the optimal 
transformation has been derived. 

A time-change permits to convert a slow transformation in an ordinary transfor¬ 
mation whose differential operator is multiplied by e~^. This observation brings us 
to the question of the correction to the hydrodynamic equation of boundary driven 
interacting particle systems. 

Consider a symmetric, one-dimensional dynamics in contact with reservoirs and 
in the presence of an external field. At the macroscopic level the system is described 
by a local density p{t,x), x € [0,1], which evolves according to the driven diffusive 
equation 

f dtp = d^{D{p)d^p) - d^{x{p)E) 

\f'ipit,a)) = Xait) for a = 0,1, 

where D is the diffusivity, x the mobility, E{t,x) an external field, Ao(t), Ai(t) 
time-dependent chemical potentials, which fix the density at the boundaries, and 
/ the equilibrium free energy density. 

For a fixed external held E{x) and a chemical potential A = (Aq, Ai), denote by 
P\,E the solution of the elliptic equation 


f d^{D{p)d^p) - d^{x{p)E) = 0 , 

I f'ip{a)) = Xa for a = 0, 1 . 

Consider the driven diffusive equation CH) speeded up by e Fix a transfor¬ 
mation {X{t), E{t)), e > 0, and a bounded prohle vg : [0,1] —>■ M. Denote by pe(t) 
the solution of 

r dtp = - d^(x(p)E(t))} , 

I /'(p(t,0)) = Ao(t), f'(p(t,l)) = X,(t) , (1.3) 

I P(0, ■) = Pa(o),e(o)(') + ^vo(-) ■ 


A formal expansion in e yields that, for t > 0, Ue(t) = e ^ lPi;(i)~PA(t),E(t)] converges 
to v(t), the solution of the elliptic equation 

f dtP\{t),E{t) = dl{D{px{t),E(t))v) - dj;{x'{p\{t),E{t))E{t)v) , ^ 

I u(0) =u(l) = 0 . ^ ^ 


Note that the limit vt does not depend on the initial condition vg. 

The main results of this article, Theorems 12.41 and 13.11 state a similar result for 
a microscopic dynamics speeded-up super-diffusively. Consider a one-dimensional, 
weakly asymmetric, exclusion process evolving on {1, ... ,N — 1}, and in contact 
with reservoirs at the boundaries. Assume that the density of each reservoir evolves 
smoothly in the macroscopic time-scale, and that the dynamics is speeded-up by 
where cat—^O asA^foo. De Masi and 011a [T^] proved that starting from 
any initial distribution, at all macroscopic time t > 0 the system converges to a 
local equilibrium state whose density profile is given by the solution of the elliptic 
equation (O with chemical potential A(t). 

We examine in this article the correction to the hydrodynamic equation. Assume 
that €%N —>• oo, and that the exclusion process starts from a local equilibrium 
state associated to the density profile Pa(o),e(o) + ^NVg. Then, for all t > 0, the 
system remains close, in the scale to a local equilibrium state whose density 
profile is given by P\(t),E{t) + where Vt is the solution of the elliptic equation 
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dLl. More precisely, for every cylinder function 4 ', and every continuous function 
H : [ 0 , 1 ] —?► R, if rj^ represents the state at time t of the speeded-up exclusion 
process, 

1 ^-1 

H ^ 0 ■ 

i=i 

In this formula, {rj : j G Z} represents the group of translations and Ej the 
expectation with respect to the local equilibrium state associated to the density 
profile 7- 

The proof of the main results follows the strategy proposed by [m [s], which 
consists in estimating the relative entropy of the state of the process with respect 
to the local equilibrium state whose density profile solves equation with e = Cat . 
If H^it) represents this latter relative entropy, the main result asserts that for all 
t > 0 , 

—0 . 

The results presented in this article have a similarity to the correction to the 
hydrodynamic equation, examined in [3 [in] in the asymmetric case in dimension 
d > 3 and in | 7 ] in the symmetric case. 

2. Notation and main results 

2 . 1 . The model. We examine a one-dimensional weakly asymmetric exclusion pro¬ 
cess in contact with reservoirs. Fix A = ( 0 , 1 ), and let = { 1 , •.., N— 1 }, N > 1 , 
be a discretization of A. The microscopic point j € A^r thus represents the macro¬ 
scopic location j/N G A. Particles evolve on A^r under an exclusion rule which 
allows at most one particle per site. The state space is denoted by YIjy = {o,iU'", 
and the configurations are represented by the Greek letters rj, ^ so that ri{j) = 1 if 
site j € An is occupied for the configuration 77, and 'r]{j) = 0 otherwise. 

Let Aq be a finite subset of Z which contains the set { 0 , 1 }. Consider a strictly 
positive function c : {0,1}* —>■ K+ which does not depend on the variables 77(0) and 
77(1) and whose support is contained in Aq: 

c{ri) = C0 + ^ n ’ 

AcAo fcGA 

An{O,l}=0 

where ca are coefficients which may be negative. In the case where Aq = { 0 , 1 }, 
0(77) is constant equal to c^. 

Denote by {r^ : k G Z} the group of translations in { 0 , 1 }^ so that Tkrj is the 
configuration defined by {Tkr])[j) = r/{k + j), fc, j G Z. The action is extended to 
cylinder functions dt : {0,1}^ —>■ M, in the usual way: (Tfe4')(?7) = 4'(Tfe77). 

We assume throughout this article that the jump rate c satisfies the gradient con¬ 
dition: There exist ttt, > 1 , cylinder functions hi,..., h^, and finite-range, signed 
measures /ii,..., on Z with vanishing total mass such that 

m 

[77(0) - 77(1)] c(?7) = ■ (2-1) 

0=1 I'GZ 

This decomposition is clearly not unique. In the case 0(77) = 1 -|- 77(— 1 ) -I- 77(2), one 
may take m = 3 , hi(77) = 77(-l)77(0), h2{'q) = 77(0)77(2), hQ{r]) = 77(0), /7i(0) = I = 
-771(2), 772(0) = 1 = -772(-1), 713(0) = 1 = -7i3(-l). 
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Fix a chemical potential A : dA R, where dA represents the boundary of A. 
In one dimension, A is simply a pair (Ao,Ai). Let a = (aoj oti) be the density of 
particles associated to the chemical potential A: 


o-^O 


ao — 


ai = 


1 + e^o ’ i + e^i 

Let : Sat —>■ {ao: Q:i, 0 , 1 }^, TV > 1 , j S Z, be the operators dehned by 


('rf’^» 7 )(fc) = Vif^+j) if k + jG A 


N 




ao if ^ + J < 0 , 
ai if A: + j > N, 


for k G h. As before the action of the operator can be extended to functions 


defined on E^r- For fV > 1 , f < j < A^ — 1 , let the functions : E^r —>■ R+ be 

given by 


N,\ 

S'.i+i 


N,X 

= Tj c, 


so that = c{T^’^r]). Note that Cq ’^ is usually not equal to c. It follows 

from (12.11) that for fV > 1, 1 < j < — 1, 


w 


N,X 

'i.i+i 


:= ivU) - VU + f)] cfjhiv) = 

a—1 

We are now in a position to define the jump rates of the boundary driven exclu¬ 
sion process. Fix a smooth external field E : [ 0 , 1 ] —>■ R, and let 

Mj)-vU+i)] (,7) , 1 < j < A^ - 2 , 

N,X,E . X _ A / ^ (-1/2V)E(1)[1-2,,(A-1)] V,A . x 

where, 

fo.iiv) = ao[l-»7(l)] + 77(l)[l-ao], 

rN-i,N(.v) = ai[l - t]{N - 1)] + t]{N - 1)[1 - ai] . 


Denote by = Ln the generator whose action on functions / : E^r 
given by 

A-l 

(Ln/Kv) = - f(v)} ■ 

j=o 

In this formula, the configuration cr-^b+^Ty, 1 < j < Af — 2 , represents the configura¬ 
tion obtained from t] by exchanging the occupation variables ?7(j), r]{j + 1), 

( vU + f), k = j, 

VU): k = j + l, 

Vik), ky^j,j + l, 


( 2 . 3 ) 


IS 


while 




rj represent the configuration obtained from 77 by flipping the 


occupation variables 77(1), 'q{N — 1 ), respectively: 

77 (fc), k^j, 


(cr-J 77 )(fc) = 


l- 77 (fc), k=j. 
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2.2. Transformations. The dynamics introduced in the previous subsection is a 
finite-state, irreducible, continuous-time Markov chain. It has therefore a unique 
stationary state, denoted by Vxe- external field E{x) vanishes and the 

chemical potentials coincide, Ao = Ai = A, this stationary state is the Bernoulli 
product measure with density p = e'''/(l -I- e'*'). 

For a given continuous density profile 7 : [0,1] —>■ [0,1], Denote by ^ the 
product measure on Sjv with marginals given by 

= 1} = lii/N) , j gAn ■ (2.4) 


Similarly, for 0 < 0 < 1 , ug, stands for the Bernoulli product on { 0 , 1 }^ with density 
0 : 


MvU) = 1} = , j e z. 


To describe the macroscopic evolution of the density, denote the dijfusivity by 
D : [ 0 , 1 ] —>■ R-i-, and the mobility by % : [ 0 , 1 ] —>■ R-i-: 

D{0) = £;,,Jc(r7)] , x(6l) = \ E^,[[ri{l) - ri{Q)Yc{T^)\ = 6{l - 0) E^,[c{t^)\ . 

(2.5) 

The transport coefficients D and x ^^re related through the local Einstein relation 


D{0) = x{O)f"{0) , 


( 2 . 6 ) 


where / ; [0,1] —>■ R the equilibrium free energy: 

f{ 0 ) = 0 logo + [1 - 0] log(l - 0) . 

Let A = [ 0 , 1 ] or R.+ . Denote by C'’’(A), r > 0 , the set of functions F : A —R 
which are [r]-times differentiable, where [r] stands for the integer part of r, and 
whose [r]-th derivative is Holder continuous with exponent r — [r], and by Cq ([ 0 , 1 ]) 
the set of functions in C’'([ 0 , 1 ]) which vanish at the boundary. If r is an integer, 
we require the [r]-th derivative to be continuous. Similarly, C'’'’'’(M+ x [ 0 , 1 ]), r, 
s > 0 , represents the set of functions F : R+ x [ 0 , 1 ] —>• R which are [r]-times 
differentiable in the time variable, [s]-times differentiable in the space variable and 
whose [r]-th (resp. [s]-th) time (resp. space) derivative is Holder continuous with 
exponent r — [r] (resp. s — [s]). As before, if r or s is an integer, we require the 
corresponding derivative to be continuous. 

Assume that Aa : R+ —>■ R, a = 1, 2 , are functions in C'^(R+) and that E : R+ x 
[ 0 , 1 ] —>• R is a function in C'^’^(R+ x [ 0 , 1 ]). Fix a density profile 7 : [ 0 , 1 ] —>■ ( 0 , 1 ) in 
C^([0,1]) and assume that there exists a function ijj in C^+^/^’^+^(R+ x [0,1]), for 
some /3 > 0, such that = Xa{t) for a = 0, 1, tp{ 0 ,x) = 7(0:) for x € [0,1], 

and such that 


StV' = da;{D{tp)da;'ip) - da;{xi'>P)E{t)) at {t,x) = (0,0) and {t,x) = (0,1). 
Denote by p(t, •) the unique classical solution of the parabolic equation 
r dtp = dx{D{p)d^p) - d:^{x{p)E{t)) , 

I f'ip(t, 0 )) = Xoit) , /'(p(t, 1 )) = Ai(t) , ( 2 . 7 ) 

[ piO, ■)=!{■) ■ 

We refer to Theorem 6.1 of Chapter V in m for the existence and the uniqueness 
of classical solutions of equation ( 123 ). 
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Denote by Mat = M(I]Ar) the set of probability measures on Sjv endowed with 
the weak topology. For two probability measures tt in Mat, let i/Ar(/r|7r) be the 
relative entropy of fj, with respect to tt: 


F^Ar(Mk) 



where the supremum is carried over all functions / : Sat —^ K. It is well known [8] 
that the relative entropy has an explicit expression: 

(2.8) 

I (X) otherwise. 

Denote hy Li\[{t), t > 0, the generator Lpf introduced in (12.31) in which the pair 
{E, A) is replaced by {E{t), A(t)), and by {S^ : t > 0} the semigroup associated to 
the generators {d/dt)S^ = LN{t)S^. Note that time has been speeded- 

up diffusively since the generator has been multiplied by N'^. 


Theorem 2.1. Let {^at '■ N > 1} be a sequence of probability measures, pat G Mat, 
such that 

lim = 0. 

Then, for every t > 0, 

= 0 - 

Corollary 2.2. Under the assumptions of Theorem \2.1[ for every t > 0, every 
continuous function H : [0,1] —?► R, and every cylinder function dl : {0,1}^ —?► R, 

= 0 . 


lim E,^sT 


N —¥oo 


N-1 


- Y, Hik/N) - / H{x) [vk] dx 


k=l 


2.3. Quasi-static transformations. Fix v > 0, a function A in C'^(R+), and let 
a : R+ —>■ (0,1) be given by 

a{t) = r{X{t)) , (2.9) 

Fix a function vq = Vq in Cq([ 0, 1]), and assume that there exists a function if in 
C1+^/2 ’^+^(R_i_ X [0,1]), for some /3 > 0, such that '0(t,0) = tjj{t, 1) = a{t), t > 0, 
'0(0, x) = q;(0) -I- iy~^vo{x), x € [0,1], and 

dtf} = V dx{D{tf)dx-if) at {t,x) = (0,0) and {t,x) = (0,1). 

This means that we assume that 

q;'( 0) = i9a;|D(Q((0) -I- j^“^uo(a)) i9a;i’o(a)| for a = 0, 1 . 

Denote by p{t,x) = pi,(t,x) the unique classical solution of the initial-boundary 
value problem 

( dtp = vdx{D{p)dxp) , 

< P(0O) = p{t, 1) = a{t) , 

[ p(0,x) = a(0) -I- v~^vo . 

Let : R+ x [0,1] —>■ R be the function given by 

u„{t,x) = ly {p,,{t,x) - a{t)} , 
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and, for each t > 0, let vt : [ 0 , 1 ] —>■ R be the unique solution of the linear elliptic 
equation 

J d^iD{a(t))da:Vt) = a'it) , 

\ vtiO) = vtil) = 0 . ^ 


Proposition 2.3. Assume that X belongs to C^(R+) and that vq belongs to Cq ([0,1]). 
Then, for each t > 0, 

lira / [u,^{t, x) — Vt{x)]^ dx = 0 . 

v^ca Jo 

One can strengthen the topology in which the convergence occurs, but we do not 
seek optimal conditions here. 

Inspired by the previous result, consider a function A in C'^(M+), and let a : 
M+ —>■ (0,1) be given by (12.91) . Fix a sequence ejv which vanishes as iV —>• oo 
and a function 7 = yjv in C'q([ 0,1]). Assume that there exists a function ip in 
C'1+^/2’2+^(R_,_ X [0,1]), for some /3 > 0, such that ip{t, 0) = ipit, 1) = a{t), t > 0, 
^(0, x) = a(0) + €nj{x), X G [0,1], such that 

a'{a) = dx^D[a{a) + eNl(,a)) 9 a, 7 (a)| for a = 0 , 1 . 

Denote by pN{t,x) the solution of 

( dtp = ef^^da,{D{p)da,p) , 

I p{t,0) = p{t,l) = a{t) , (2.11) 

[ p( 0 , x) = a( 0 ) + eN"fix) . 


Denote by Ai at( t) the generator L at introduced in (12.31) with E = 0 and Aq = Ai = 
X{t). Let {T/^ : t > 0} be the semigroup associated to the generator N'^Ln( t). 
Note that time has been speed-up by 

Theorem 2.4. Assume that ej^N 00 , that A belongs to C'2(R_|_), and that 7 
belongs to (^^([0,1]). Let {p^ ■. N > 1} be a sequence of probability measures, 
Pn G '^n, such that 


Then, for every t > 0, 




N^oc Nej^ 


Corollary 2.5. Under the assumptions of Theorem for every t > 0, every 
continuous function H : [0,1] —> R, and every cylinder function ih : {0,1}^ —^ R, 


lim E,,^,j^n 


■ 1 
- ev 


1 

-^iL(fc/iV) (rf^(‘)vl,)(^) 


-ff(a;) ['i>]dx 


= 0 


where VN{t,x) = aft) + eNv{t,x), v{t,x) being the unique classical solution of the 
elliptic equation ( 12 . 101 ) . 
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3. Proof of the main results 

We present in Theorem 13.II below a general statement from which one can easily 
deduce Theorems [Q and [211 For a fixed chemical potential A = (Ao,Ai) and a 
continuous external field E : [0,1] —>■ R, denote by pa.e : [0,1] —?► R the solution of 
the elliptic equation 

( d^{D{p)d^p) - d^{xip)E) =0, 
j /'(p(0)) = Ao , /'(p(l)) = Ai , ^ 

Fix sequences {ew : iV > 1}, {^M : fV > 1} such that —>■ oo, cat —0. Consider 
a time-dependent external field E in C'^’^(R+ x [0,1]) and a time-dependent chemical 
potential X{t) = (Ao(t), Ai(t)) such that Ao, Ai € C'^(R+). Fix a density profile 7 = 
77V in 1]) and assume that there exists a function ip in x [0,1]), 

/? > 0, such that f'{tp{t,a)) = Xa{t) for a = 0, 1, ip{0,x) = P\{o),E{o){x) + eNj{x) 
for X G [0,1], and such that 

dtip = dx{D{ilj)dxip) - dx{xWE{t))'^ at {t,x) = (0,0) and {t,x) = (0,1). 
Denote by pAr(t, •) the unique weak solution of the parabolic equation 
f dtp = iN[dx{D{p)dxp) - 9x(x(p)£')| , 

I /'(p(C0)) = Ao(t) , /'(/o(<, 1)) = Ai(t) , (3-2) 

[ p(0, x) = P\( 0 ),E{ 0 ) + ^Nl{x) . 

In Theorem 13.11 the following conditions on the solution of equation (13.211 are 
needed: For every T > 0, there exists 0 < <5 < 1 such that 

<5 < PN{t, x) < 1 — 5 for all 0<a:<l, 0 < t < T , N > 1 . (3.3) 

To explain the second condition, observe that we may rewrite the PDF (13.211 as 

dtp = (-Ndxixip) [dxf'{p) -E]} 
because x{p)f"{p) = E{p) by Einstein relation (12.611 . Let 

EnH.x) = dxf'{pN{t,x)) - E{t,x) 

We assume that for every T > 0, there exists a finite constant Cq such that for all 
iV > 1, 0 < t < T, 

||Fv(t)||oo < g , ||a.F7v(t)||oo < g . (3.4) 

Note that for this condition to be fulfilled at t = 0, we need to be bounded: 

iNeN < Co (3.5) 

for some finite constant Cq. 

Consider two non-decreasing sequences K^, J^. We write 
K]\[ <C Jn if K]\j / Jjy —> 0 as iV — > c». 

Recall that we denote by Lffit) the generator Ln introduced in (12.311 with E{t), 
X{t) in place of E, A, respectively. Let t > 0} be the semigroup associated 

to the generators (s) : s > 0}: {d/dt)&^ = LNit). 
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Theorem 3.1. Consider a continuous external field E(t, x) and a continuous chem¬ 
ical potential X{f) = (Ao(i), Ai(i)). Assume that 7 belongs to 1]), that condi¬ 

tions (1531) . (EH), EH hold, and that <C N. Let : N > 1} be a sequence 
of probability measures, qiN S Mat, such that 

Then, for every t > 0, 


The proof of Theorem 13.11 is divided in several steps. Fix a density 0 G (0,1), 
and denote by tyg = the product measure on E^r with density 6: 


ve{r]) 


1 

ZN{e) 


N-1 

exp|/'(6») X! ’ 


i=i 


(3.7) 


where Zjs[{0) is the partition function which turns vg into a probability measure, 
and 


P ■= f'{S) = 


(3.8) 


We use the same notation vg to represent the the Bernoulli product measure on 
{0,1}* with density 6. 

Let Lf{vg) be the space of functions / : —>■ M endowed with the scalar 

product 


(/, 9)ua 


f{p)g{p)ve{dp) . 


Denote by = L^^’* the adjoint in Lfivg) of the generator introduced in 
EH- A simple computation shows that for all / : ^ 1^? 


N-2 


= {LlJ)fn) + 5^(i*,+i/)(r?) + 


(3.9) 


i=i 


where, for 1 < j < iV — 2, 


{Lh+if){ri) 


cfj+f(cr^’^+^??)/(cr^’^+S) - 


4+’f(^)/(^), 

g) - cof'^ip)fip). 


(v) fiv), 


In this formula, /3 is the chemical potential associated to the density 0, which has 
been introduced in (13.8|) . It follows from the previous formula that the adjoint of 
L^if) in Lf{vg), denoted by L*j^{f), is given by (13.91) with E and A replaced by E{t) 
and X{f). 


Proof of Theorem \3.1\ Fix sequences £n, £n satisfying the assumptions of the the¬ 
orem, and let 7 be a function in Cg ([0,1]). Denote by p{t, x) = PNif, x) the solution 
of (13.21) . Consider a sequence of probability measures {p^ : N > 1}, /rjv G AIai, 
satisfying EH- Let a{t) = {ao{t), ai{t)) be the density of particles associated to 
the chemical potential X{t): 

pAo(t) pAi(i) 
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Recall that ■ t > 0} represents the semigroup associated to the generator 
and let 

N 


ft = 

A simple computation yields 
ZNiO) 




dvg 


, V't = 


dvg 


N-1 


fjtir]) = 


ZN{p{t)) 


exp I ^ TlAf'ipft-^j/N)) - f 


(3.11) 


(3.12) 


1=1 


where p{t,x) = pN{t,x) is the solution of equation (13.2L Zn{ 9), f have been 
introduced in (EH), EH), respectively, and Z]y{p{t)) is the normalizing constant 
given by 

N-l 

Zwipit)) = exp I - ^ log[l - p(t, j/iV)]| . 


1=1 


With this notation, in view of 


H{PN&t\Vpr,(t,-)) = J ftlog^^dvg. 


Moreover, an elementary computation shows that the density ft solves the Kol¬ 
mogorov forward equation 


-ft = NHNL%{t)ft . 


(3.13) 


The proof of Theorem 13.II is divided in three steps. 

Step 1: Entropy production. A computation, similar to the one presented in 
the proof of Lemma 1.4 in [8l Chapter 6], yields that 


d_ 

dt 


H{pN&^Wpt^{t,-)) < J 


Let h and g : {0,1}^ 


NHNL*^mt - dti^t 

f’t 


be the cylinder functions given by 


KO = '^rUahaiO, giO = ^Ki-6]^c(^) 


ft dvg . 


(3.14) 


(3.15) 


where nia = X]fc^Ma(A). Recall the definition of the operators N > 1, 

I < j < N — 1, introduced just above (12.21) . and let {t) = A long, but 

straightforward, computation which uses the identity (12.2L yields that 

N^iNLlj(t)-ipt - dt-ipt 


f’t 


= (-Nill + h + I3} + ONi^N) , 


where Om{(-n) represents an error absolutely bounded by CqIn, Cq being a finite 
constant independent of N, and where 

N-2 N-2 

h = '^Gi{t,jlN){T^{t)h){g) + G 2 {tJ/N) {t^{ t) g){g) 

1=1 1=1 

N-l 


- E 


1=1 


jdtp) 

x{p) 


(t,j/N) [r]{j) - p{t,j/N)] 
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m 0 

h = N {T^{t)ha){ri) 

a—1 k^'L j—\ — k 

m N-2 

- 7Vi7+(i) Y ('^f W^a)(’7) , 

a—1 fcGZ j—N—l — k 

h = NH+{t){T^_^{t)c){r])[TjN-i-ai{t)] - N H_{t) (t) c)iTj) [r]i - ao{t)] . 

In these formulas, 

Giit.x) = d^{d^f'{p{t,x)) - E{t,x)} , 

G 2 {t,x) = dxf{p{t,x)){dxf'{p{t,x)) - E{t,x)} , 

H.it) = d^fipit, 0)) - Eit, 0) , H+it) = d^fipit, 1)) - Eit, 1) , 


and ao{t), ai{t) are the densities at the boundary, defined in (13.101) . Note that 
Gi = G2 = F^+EFn, H_{t) = F^(t,0) and H+{t) = Fw(t,l). In 

particular, by dSH), there exists a finite constant Gq such that for all iV > 1, 
0 < f < T, 

llGi(t)|U < g , IIG 2 WII 00 < g , l|i?±Wlloo < g . (3.16) 

For a cylinder function t[/ ; {0,1}^ —>• M, let 'F : [0,1] —>• M be the polynomial 
given by 

i>{e) = E,M, ( 3 - 17 ) 

where, we recall, vg is the Bernoulli product measure with density 9. By (I3.15L 
(12.51) and (16.21) . 

h\e) = D{e) , m = xio) . (3.18) 

We claim that, in the first two line of /i, the replacement of the cylinder func¬ 
tions T^{t)h, T^{t)g by {t)h - h{p{t,j/N)), {t)g - g{p{t,j/N)), respectively, 
produces an error absolutely bounded by a finite constant independent of N. Sim¬ 
ilarly, the replace-cement in the two line of I 2 of the cylinder functions T^{t)ha, 

j ~ 0, T^{t)ha, k N,hy it)ha - ha{ao{t)), {t)ha - ha{ai(t)) produces an 
error of the same order. 

Indeed, denote by Ji (resp. J2) the first line of Ii (resp. the two lines of 
I 2 ) with the cylinder functions {t)h, {t)g (resp. T^{t)ha, j ^ 0, {t)ha, 
k ^ N) replaced by h{p{tJ/N)), g{p{t,j/N)) (resp. ha{ao{t)), ha{ai{t))). In 
the expression of J2, observe that kpa{k) = nia. For any Lipschitz-continuous 
function G : [0,1] —>■ M, and for any non-negative integers p, q, 


N-q i-l 

Y G{j/N) = N / Gix)dx + On{1) , 

j=P -^0 


where OAr(l) represents an error absolutely bounded by a finite constant indepen¬ 
dent of N. It follows from this estimate, from an integration by parts, and from 
the identities (12.61) . (13.181) that Ji -I- J2 is absolutely bounded by a finite constant 
independent of N, proving the claim. 

An elementary computation gives that 

^ = {dlfip) - d,E} D{p) + {m'{p)]^-EdJ'{p)}x'{p). 
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In conclusion, in view of (j3.18|) . up to this point, we have shown that 


4’t 


— ^n{Ii + ^2 + ^ 3 } + 0(£n) , 


(3.19) 


where 


N-2 


N-2 


h{t,vi) = ^ Gi(t,j/N)VNih;tJ,r]) + ^ G 2 (t, j/iV) VAr(g; t, j, 77 ) 


i=i 


i=i 


Ut,,) = NH.it) Aia(fc) Y {(^fW^a)(? 7 )-^a(ao(i))} 

a—1j=l—k 
m N — 2 

-NH,it)YY tta(fc) X! {iTYt)ha){v) - haiaiit))} , 

a—1 j—N — l — k 

and, for a cylinder function ip : {0,1}^ —>■ M, 

VNi^-,t,j,r]) = iTYt)ip)iv) -'f{pit,j/N)) - (p'ipit,j/N))[r]j - p{tJ/N)] . 

Step 2: A mesoscopic entropy estimate. Denote by D(]R+,Ejv) the space of 
right-continuous trajectories x : ffi.+ —^ with left limits. For each probability 

measure p in Mat, denote by the probability measure on D(R+ 1 Sat) induced 
by the Markov chain with generator £iyN'^LN{t) starting from the distribution p. 
Expectation with respect to P^ is represented by E^. 

Recall that <C N. Let Mat = and fix a sequence {Aat : A > 1} such 
that M]\f Kfq ^ NIfq Kjq N . Let 

N-Kn-I N-l 

IhN{t,p) = Y Giit,j/N)VNCh;tJ,p) + ^ G2(t,, 

j = KN + l 1 = 1 

where, for a smooth function (p : [0,1] —>■ M, 

VNi‘f;t,j,p) = (piv^^ij)) - (pipit,j/N)) - (p'ipit,j/N))[p^^{j) - p{t,j/N)] . 

Note that in the definition of /i(t, 77) the sum is carried over 1 < j < iV — 1, while 
in the definition of /i(t, 77) it is carried over AAr-l-l<j<iV — AAf — 1- In view 
of (I3.16L this produces an error of order Km/£n hr the difference between 
and /i(t, 77). 

By (I3.16P and Lemmasince M^Km <C iV, 


lini ^^E,„ 

AT^oo N 


and 

Mn£n ^ 


^2(5,77s)(is 


{/l,Ar(s, Ps) - h,N{s, 77s)} ds 


^ ,. Mn£n ^ 

= ® ^ ™ ^ 

N—¥oo l\ 


= 0 


/ his, Vs) 
Jo 


ds 


= 0 . 


On the other hand, by definition of Mat, by (1531) and by the assumption on cat, 
Mn£n = <C N. Therefore, in view of (I3.14p . (13.191) . 


Ne% 


HipN&t WpNit,-)) < 


Ne% 


HipNWpr,{0,-)) 


Mm£n 
N 


'fJN 


f 


h,Nis, 77 s) ds 


Rn , 
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where Rn vanishes as N ^ oo. 

Step 3: A large deviations estimate. A Taylor expansion up to the second 
order shows that is absolutely bounded by Co[ri^^{j) — p{t,j/N)]'^. 

The second term on the right hand side of the previous equation is thus bounded 
above by 


CnE 




MNiN "" ^ " 


N 


j = KN + l 


Jis,j/N) - p(s, j7A)]2 ds 


where J{t,x) = |G'i(t,a;)| + |G'2(t,a;)|. Since Mjq = by the entropy inequality, 
the previous expression is less than or equal to 

j-t p-2 N-Kn-1 

+ / ) exp|Af7v Y1 p{s,j/N)f^\^ds 

j=KN + l 


for every A > 0. By Holder’s inequality and since Upjv(s,-) is a product measure, 
the second term o the last sum is less than or equal to 


I 


N-Kn-1 


-N 


0 ANKn 






i=iCiv+l 


exp|A£ArJ(s,j/A) A^at [n^^{j)-p{s,j/N)Y^ 


ds 


By (13.31) and (I3.16L £NJ{s,j/N) < Cq and 6 < pn{s,x) < 1 — (5 for some <5 > 0. 
Therefore, since Vppf{s,-) is the product measure with density pAr(s,-)i there exists 
Aq such that for 


E, 




exp IaCqAat [ 77 ^"(j) - p(s, j7A)]2|j 


< 


C'o 


for all 0 < A < Aq. The previous integral is therefore less than or equal to 
Coejj^ /AKN <C 1. This proves that there exists a hnite constant Cq such that 


j\^^2 l^pwlt.-)) — _/Y£2 -^(P.^v|upN-(o.-)) 




+ Co 


Ne% 


H{pn&s \vpM{s, ) ds + Aat 


where Rn vanishes as N ^ 00 . To conclude the proof of Theorem 13.11 it remains 
to apply Gronwall inequality. □ 


Proof of Theorem \2.1\ Set cn = £n = 1- (13.31) . Conditions dSH) and (1331) are 
trivially satished. The assertion of Theorem 12.11 follows therefore from Theorem 

EH □ 


Proof of Theorem \2.4\ Assume that the external held vanishes: E{t,x) = 0 and 
that the left and right chemical potentials are equal, Ao(t) = Ai(t), t > 0. In This 
case the solution of the elliptic equation (13.11) pA,o is constant in space, p\^o{x) = a, 
where a = /'(A). 

Condition (13.31) for N large enough follows from Proposition l5.ll Condition (13.41) , 
which can be read as conditions on dxPN and df.pN, follows from Propositions 15.11 
and l5.2l □ 
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Proofs of Corollary and \2.5i The proofs are analogous to the one of Corollary 
1.3, Chapter 6 in [8], provided we replace in the statement of Corollarv l2.5l t^.,..(t 
by However, since is a cylinder function. 


1 

ev 


[ H{x){E^ [if]-E^ m}dx <—[ \vN{t,x) - pN{t,x)\dx . 

Jo Jo 


By definition of the right hand side is equal to 


Co / \uN{t,x) — v{t,x)\ dx 
Jo 


where ujqit) = ^iq^[pN{t) — It remains to recall the statement of Proposition 

ESI □ 


4. Entropy estimates 

We adopt in this section the notation and the set-up introduced in the previous 
one. Recall from (13.71) that 9 G (0,1) is a fixed parameter and that vg is the product 
measure on Svf with density 9. It is not difficult to show that there exists a finite 
constant Co = Co{9) such that 

snp H{p\iyg) < CoN , 
r- 

where the supremum is carried over all probability measures p on Ejv- 

Fix a smooth function A : M+ x [0,1] —>■ K such that \{t, a) = t > 0, a = 0, 

1. Let a{t,x) = + and denote by t >0, the product measure 

on Eat associated to the density a{t,x): 

N-l 

exp I pj f{a{t,j/N))\ , 

^N[t) '' 

where Z^{t) is the normalizing constant given by 

A^-l 

ZN{t) = exp I - y] log[l - a(t, . 

i=i 

Note that a{t,x) takes values in (0,1). In particular, the quantities introduced 
above are well defined. 

Recall that : t > 0} represents the semigroup associated to the generator 

N^£NLN{t), {d/dt)&^ = , and that 77Ar(^|7r) stands for the relative en¬ 
tropy of p with respect to tt. Denote by t > 0, the functional which acts 

on functions h : S^r —>• M, as 

Df\h) = Y 

i=i 

+ J To, 1 ^( 17 ) - Hv)f dvYirf) 

+ j c^-[%(v) r^-pNiv) - Kv)? diy^^^^iri) , 


„NA(t)(^) _ h{p)]^ di^Yiv) 
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Lemma 4.1. Fix a sequence {fiN '■ N > 1} of probability measures, pN S Mjv. 
For every T > 0, there exists a finite constant Co, depending only on Eft), aft), 
0 < t < T, such that for all 0 < t < T, 

j\%^^\^)ds + CoNi^, 

where gt = gf = dp.N&t / 


Proof. In this proof, Cq represents a finite constant which may depend only on 9, 
Eft), a{t), 0 <t <T, but not on N. 

Fix a sequence > 1} of probability measures, G Mat. Recall the 

definition of ft = ff^, introduced in (j.'l.lip . and let (^t, t > 0, be given by 

dv^,., f 

fit = j so that gt = — . 
dug fit 

By definition. 


HN{t) := = I ftlog^^dug, 

so that 

^HNft) = N'^In J ft Ln ft) log ^ dug - j ftdtlogfitdug . 

The second term on the right hand side is clearly bounded by CqN. On the other 
hand, since a log 6/a < 2^/a{Vb — y/a), for all a, 6 > 0, the first term on the right 
hand side is less than or equal to 


2N^ In 


htLN{t)htdv^(^t) > 


where ht = = yjft!fit- 

Recall the definition of the generator L^ft) introduced in (I2.3p . Denote by Lft{t) 
the piece of L^ft) which corresponds to the sum for j in the range 1 < j < -/V — 2, 
and denote by L\^ft) the remaining two terms. A change of variables rj' = 

1 < j < — 2, yields 

N-2 

htL%{t)htdu^(^t) = - 

i=i 


NMt), 

Sj +1 


(77) ri)-ht{ri)] du^^t)iv) + Rn 



where Rn is a remainder absolutely bounded by 


N 


N-2 


J=1 


NMt), 

Oj +1 


(77) [ht{a^’^+ rf) + htfq)] \ht[a^'^+ rj) - htir])\du^(^t)iv) 


for some finite constant Cq. By Young’s inequality, and since gt = is a density 
with respect to previous expression is bounded by the sum of a term 

which can be absorbed by the first term on the right hand side of the penultimate 
displayed equation with a term bounded by Cq/N, that is. 


ht L%{t) ht du^^t) 


N-2 

i=i ‘ 


NMt)t 

Sj+1 


Co 


(77) [/it(cr^’^+ ri)-htir])] du^^t)iv) + 
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Since X{t) is equal to X{t) at the boundary of the interval [0,1] 


,,N 


iv) 


A(t) 




— 1 + Rn , 


where Rn is absolutely bounded hy Cq/N. In view of this identity, and with a 
similar computation to the one presented for the interior piece of the generator, we 
conclude that 

2 J ht L%{t) ht J - ht{r])f 

It follows from the previous estimates that 

JsJ 2 j) rt 

HN{t) — Hm{0) < -/ DN{s,^/^)ds + CqNIn, 

^ Jo 

which concludes the proof of the lemma since Hn{0) < CqN, as observed at the 
beginning of this section. □ 


For a positive integer k, denote by the density of particles in an interval 

of length 2A: + 1 centered at j: 

1 


ri^{j) = 


2k + I 


Vii) , 


(i)nA_iv 


where 4(j) = {j - fc,... ,j + fc}. 

Recall the definition of the polynomial h : [0,1] —>■ M given in (13.1711 . where 
h is a cylinder function, and recall the definition of the probability measures 
introduced at the beginning of Step 2 in the previous section. 


Lemma 4.2. Let Gn '■ R+ x [0,1] — >■ R (resp. '■ R+ —1" Rj, N > 1, be a 
sequence of functions in x [0,1]) (resp. C(R+)^ such that for all T > 0, 

sup sup llGAr(t)l|oo < oo , SUp SUp lli?A(t)||oo < OO . 

N>10<t<T N>10<t<T 


Let h : {0,1}* —>■ M 6e a cylinder function. Fix a sequence {fiN ■ N > 1} of 
probability measures, /ijv G M^r. Consider two sequences Mj^ f oo and f oo 
such that Mm Kn, MmKm N. Then, for every T > 0, 


lim 

N—^OO 





N-1-Kn 

GNis,j/N){{Tjh){r]s)-h{p^^ij))}ds 

j=KN + l 


= 0 , 


and 


lim M^rEn 


N—¥oo 




HM{s){TQ'^^'‘^h{ps) - h{a{s,0))} ds 


= 0 , 


lim M^vEy 
N—^oo 


HN{s){T^’^^'‘'’h{r]s) - h{a{s, 1))} ds 


^Jo 


= 0 . 


Proof. Fix T > 0 and 0 < t < T. Every cylinder function can be written as a 
linear combination of the functions 'I',4 = ^ ^ finite subset of Z. It is 

therefore enough to prove the lemma for such functions. We present the details for 
h = dtiQ i}, it will be clear that the arguments apply to all cases. 
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Fix a sequence of continuous function Gjv : K+ x [0,1] —>■ R satisfying the 
assumptions of the lemma and note that h{9) = 9^ in the case where h = diig 
It follows from the assumptions of the lemma and from a summation by parts that 
N—1 — Kn 1 Kn 

^ GN[s,j/N)\^ri[j)r]{j + 1) - ^ vij + k)il{j + k + l)^ 

3=Kn + 1 ^ k=-KN 

in the time interval [0, T] is absolutely bounded by a term of order K^/N. On the 
other hand, we may write the difference {2 Kn + 1)“^ J2\k\<KN 9^^ + ^ + 

1) - h{r]^^{j)) as 

(2AvV 1)» S ’'0 + '='> ["O + k+i)-v{i + t)] + o(-^). 

where the sum is carried over all k, i such that |fc| < Kff, \i\ < Kff, k ^ The 
error term takes into account the diagonal terms k = £. Denote by Vj^KNiv) f^e 
first term of the previous formula. 

In view of the former estimates, the first expectation appearing in the statement 
of the lemma is equal to 


E 


/2iV 



N-1-Kn 

Y GN{s,j/N)Vj^Kr,{Vs)ds 
j=Kiv + l 


+ Rn j 


where is a remainder absolutely bounded by Go{(i^Ar/iV) + (l/K^)}. Here and 
below, Cq is a finite constant which does not depend on iV, and which may change 
from line to line. 

Recall the definition of the density gs, introduced at the beginning of the proof 
of Lemma 14.11 The first term of the previous formula is equal to 


" /. 1 N—1 — Kn 

N GN{s,j/N)Vj^KN{v)9s{r])Va{s)(.dv) . 

d ^ j=KN + l 


(4.1) 


Recall the definition of Vj^K^iv) ^-nd represent the previous integral, denoted by 
/, as (1/2)1 + (1/2)/. In one of the halves, perform the change of variables rj' = 
^j+k+i,j+e^ to rewrite the previous expression as 


1 

2 


1 

{2Kn + 1)2 


E 

k,e ' 


N-1-Kn 


ds 


- y 

N ^ 


j = KN+i 


GN{s,j/N) g{j + k) X 


X [vU + k + l)- r]{j + £)]{gsig) - v^idg) + Rn ■ 


In this formula, Rn is a remainder which appears from the change of measures 
9 )/^ which is bounded by GqKn/N. Rewrite gs{g) — 

9s{v') as l^gsiv) - \/9s{v')] W9s(,v) + \/9s(,v')] and apply Young’s inequality to 
estimate the previous expression by 

A^E / [V9siv) + \/ i^yidg) 

k,e j 

+ I^E f 9s{<y^+'^’^+^v)} ^yidg) 

k,e ■' j 
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for every ^ > 0. In this formula, Kn = + 1- Since gs is a density with respect 

to the first term of the previous expression is bounded by 


Co 


1 


N-1-Kn 


Co 




N 


A 


j = KN + l 

On the other hand, by the path lemma, explained in pages 94-95 of [5] and in details 
below equation (3.7) in [^, the second term of the previous formula is bounded 
above by 


CoAK^ 


N 


N 






Recall that in the path lemma, a change of variables ij' = 
is performed. Usually, the Jacobian of this change of variables is equal to 1 because 
the reference measure is a homogeneous product measure. In the present case, 
where the measure i^a{s) ^ local equilibrium, the Jacobian is equal to exp{h{ri)}, 
where h is uniformly bounded by Kj^/N. By Lemma [4.11 the previous displayed 
equation is less than or equal to CoA{Kn/N)‘^. Optimizing over A, we conclude 
that 6 IJ is bounded by CqKn/N. 

To compete the proof of the first assertion of the lemma it remains to recollect 
all the previous estimates and to recall the assumptions on the sequences Mat and 
Kn. 

We turn to the second assertion. Here again, we present the proof for the left 
boundary in the case where h{ri) = 771772 . Note that, by definition of the case 
11 ( 77 ) = 770771 reduces to the case 11 ( 77 ) = 771 . 

By definition of gs, the expectation appearing in the statement of the lemma is 
equal to 

dsHN{s) J {mm-Oi{s,0f} gs{r])’^ais)idv) ■ 

Fix s and write the difference ^ [vimds] — <a(s, 0)^ as 


- E^N^^^[r]2gs]a{s,0)'^ 

[’^2ff^<]a(s,0) - F;^w^j5s]a(s,0)2| . 


(4.2) 


-b 

Since l = 77 i-|-(l — 771 ), the first term inside braces can be written as 

[1 - a(s, 0)] E^n [ 7717725 s] - a(s, 0) E^n [(1 - 77 i) 7725 s] . 

Performing a change of variables 77 ' = in the first expectation, this difference 
becomes 

a(.s, 1/N) ~ - a{s,0) E^n^^^[{ 1 - gi)g 2 gs] , 

Since |a(s, 1/A^) — a(s,0)| < Cq/N, the previous expression is equal to 


a{s,0)E^N^^^ [( 1 - 77 i )772 { 5 s ( ct °’^ 77 ) - gs{g)} 


Rn 


where Rat is a remainder bounded by Cq/N in view of the assumptions on the 
sequence Hn- At this point, we may repeat the arguments presented in the first part 
of the proof to bound the first term by Co{D'^^\,^/^)}^C^ whose time integral, 
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in view of Lemma 14.11 is bounded by CqN A similar argument permits to 
estimate the second term in (j4.2|) . This completes the proof of the lemma. □ 

5. The hydrodynamic equation 

We prove in this section Proposition 12.31 and some estimates, stated below in 
Propositions 15.11 and 15.21 on the solution of equation (15.11) . Recall the definition of 
the spaces 1]) and Cq ([0,1]), k > 1, introduced just below (1^ . Denote by 

ll/llp, P > 1) the L^-norm of a function / ; [0,1] —>■ R, 

\\m = t\m\^dx. 

Jo 

Fix p > 0, a smooth function a : R+ —^ (Oil)) and an initial condition po in 
C^([0,1]) such that po(0) = po(l) = a(0). Denote by p{t,x) = pv{t,x) the solution 
of the initial-boundary value problem 

( dtp = vdx{D{p)dxp) , 

} p(t,0) = p{t,l) = a{t) , (5.1) 

[ Pi0,x) = po . 

Proposition 5.1. For every to > 0, there exists uq < OO; such that for all v > vq, 
there exist positive constants 0 < b < B < oo, depending only on D, a(f), 0 < t < 
to, such that for all 0 <t < to, 

\\p{t)-aml < Be-^'^^d^poWl + 

Wid.pmwl < + Wd.PoWl + Iwd.poWl) + 

In this proposition, corresponds to the speed of convergence to equilibrium 
of the solution of (EH) in the case where the boundary condition a{t) does not 
change in time, while l/u^ stands for the relaxation time due to the evolution of 
the boundary conditions. 

Proposition 5.2. Assume that po = a(0) + ei;o, where vo belongs to Co([0,1]). For 
every to > 0, there exists Eq > 0 and pq < oo, depending on D, vo, Oi{t), 0 < t < to, 
such that for all e < eg, u > vo, there exist positive constants B < oo, such that for 
all 0 < t < to, 

\\{dlp){t)\\l^ < B{e^ + ^} . 

The proof of these propositions is divided in a sequence of assertions. The 
Poincare’s inequality plays a fundamental role in the argument. It states that there 
exists a finite constant Ki such that for every 1]) function / which vanishes 

at some point x € [0,1], 

[ f{xf dx < Ki [ [f'{x)f dx . 

Jo Jo 

Throughout this subsection, cg, Cg represent small and large constants which 
depend only on Ki and D. 

Let 

/3i(t) = sup |a'(s)| , /32(i) = sup |a"(s)| . 

0<s<t 


(5.2) 
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Assertion 5.A. There exist positive constants 0 < cq < Co < oo such that for all 
t > 0, 

[\p{t) - a{t)]^ dx [\p{0) - am''dx + ^/3i(t)2(l _ . 

Jo Jo ^ 

Proof. The proof follows classical arguments. Since p{t) = aft) at the boundary, 
an integration by parts and the fact that a(t) is space independent yield that 

/ dx = -n D{p{t))mp[t))‘^ dx - a'{t) [p{t)-a{t)\dx . 

Since the diffusivity is bounded below by a strictly positive constant, in the first 
term we may replace D{p(t)) by cq and the identity by an inequality. By Poincare’s 
inequality, the integral of —{dxp{t))^ is bounded by the integral of —Kf~^[p{t) — 
a(t)]^. The second term on the right hand side can be estimated by Young’s 
inequality. One of the terms is absorbed by what remained of the first term. The 
other one is (Cq/ i^)a'(t)^. 

Up to this point we have shown that 

Idi*) ~dx < -Cal' j [p{t) - a{t)f dx + ^ a'^ . 

To complete the proof, it remains to apply Gronwall inequality. □ 


Let d : [0,1] —>■ M be a primitive of D, d' = U, and let 

Cl = Jnf ■D(a), Cl = ||(logi:))'||oo . (5.3) 

0< Q :<1 


Assertion 5.B. Assume that 2KiCil3i{to) < civ for some to > 0. Then, there 
exists a positive constants Co < oo such that for all 0 <t < to, 

[\dxd{p{t))]^ dx < [\dxd{p{0))]Ux + ^ 

Jo Jo ^ Jo 

where a^, = {ci/Ki)v — 2Cil3i{to). 


Proof. The proof is similar to the previous one. Adding and subtracting a'ft) we 
have that 

\^Io [mipit))]"^ dx = dxd{pft))dx^D{pft))[vdld{p{t))-a'ft)]^dx 

+ a'{t) [ dxd{pft))dxD{p{t))dx . 

Jo 

Since a{t) = p{t,0) = p{t,l), a'{t) = v0)) = v1)). In particular, 
we may integrate by parts the first term on the right hand side. This operation 
yields a negative term and one involving a'ft). This latter expression can be es¬ 
timated through Young’s inequality. The first piece is absorbed into the negative 
term and the second piece is bounded by {Cq/ n)a'{t)^. Hence, 

/ i^=^dip{t))]‘^ dx < [dld{pft))Y dx + 

+ Ci\a’ft)\ [ [dxd{p{t))]'^ dx . 

Jo 
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Since fg dxd{p{t))dx = 0, applying Poincare inequality to the first term on the right 
hand side, we obtain that the last expression is bounded above by 


■ Cl V 
. 2 ^ 


CiPiit) / [dxd{p{t))]‘^ dx 


Co 




To complete the proof, it remains to replace /3i(t) by /3i(to) in the term inside brack¬ 
ets, getting an expression which is positive by assumption, and to apply Gronwall 
inequality. □ 


Lemma 5.3. Assume that ciu > 2AdC'i/3i(to) for some to > 0. Then, there exist 
positive constants O<C 0 <C 0<00 such that for all 0 < t < to, 

\\p{t)-a{t)\\l < Coe-^o^*^^oPito)t f\dM0))?dx + ^ 

^0 


1 - {Ail3i{to)/iy) ’ 


where Ai = 2K\C\/C\. 


Proof. Assume that 2KiCij3\{to) < civ for some to > 0 and fix 0 < t < to- Since 
Q!(t) = p(t,0), by Schwarz inequality there exists a finite constant Co such that for 
every x G [0,1], 

lp(t,x) - a(t)l^ < Co [ [dxp{t)]'^ dx < Co [ [d^dipit))]"^ dx . 

Jo Jo 

To complete the proof, it remains to recall Assertion I5.BI and to estimate the term 
/3i(s)^ appearing in the time integral by /3i(t)^. □ 


Let Fn, Gn ■ R-i- —K, n > 1, be given by 

Cn{t) = [ [dxd{p{t))]'^'^ dx , Gn{t) = [ [dld{p{t))]'^ [dxd{p{t))]'^^ dx . (5.4) 
Jo Jo 

Assertion 5.C. For all n > 2, there exist positive constants 0 < co < Co < 00 , 
bo > 0, such that for all 0 < b < bo, t > 0, 

Fn{t) + Con'll' [ G„_i(s) ds 

Jo 

< e-''"‘F„(0) + Co—Pi{tf f 

Jo 

Proof. Since a'{t) = i9fp(t, 1) = p9^d(p(t, 1)), adding and subtracting a'{t), and 
then integrating by parts yield that 

F'(t) = -2n(2n - 1) u D{p{t)) [dxd{p{t))r-^ [dMt))? dx 
Jo 

+ 2n{2n-l)a{t) [ D{p{t)) [dxd{p{t))f'^~^ dld{p{t)) dx 
Jo 

+ 2na'{t) [ [dxd{p{t))]'^'^~^ dxD{p{t))dx . 

Jo 

Apply Young’s inequality to the second term on the right hand side to bound it 
by the sum of two terms. The first one can be absorbed by the first term on the 
right hand side, and the second one is bounded by Co{n^/n)a'{t)^Fn-i{t). In the 
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last term on the right hand side, replace dxD{p{t)) by dx[D{p{t)) — D{a{t))] and 
integrate by parts to obtain that it is equal to 

-2n{2n - 1) a'(t) ( [D(/?(i)) - D(a(i))] dx . 

Jo 

Apply Young’s inequality to bound this expression by the sum of two terms. The 
first one can be absorbed by the first term on the penultimate formula, while the 
second one is less than or equal to Therefore, 

KiO < -con^ vG„_i(t) + Con'^ . 

Let f{x) = [dxd{p{t,x))]^ . Since dxd{p{t,x)) dx = 0, there exists Xq £ [0,1] 
such that dxd{p{t,xo)) = 0, so that f{xo) = 0. We may therefore apply Poincare’s 
inequality to [dxd{p{t, x))]"^ to obtain that 

Fn{t) = j f{xfdx < Ki J f'{xfdx = Kin^Gn-i{t) . 

It follows from the previous estimates that 

KiO < -hQvFn{t) - CQri^ vGn-i{t) + Cqti ^— 

for some bo > 0. The same inequality remains in force for any 0 < b < bo- It 
remains to apply Gronwall inequality to complete the proof. □ 


Iterating the inequality appearing in the previous assertion without the term 
Gn-i yields 


Assertion 5.D. For all n > 2, there exist positive constants 0 < cq < Go < oo, 
bo > 0, such that for all 0 < b < bo, t > 0, 

Fn(t) + CqTI^I' [ < rn{t) , 

^0 


where rn{t) = rn{t, b, Co) is given by 

G[n/3i(t)] 

fc =2 

Co 


M = coj:fuo)(^-^^) 


2 n — k 




\ u 


ri 


{n — ky. 

b^it-s)y :—- Fi{s)ds . 


(n-2)! 


Let w : R+ x [0,1] —>■ R be given by 


1 


wit,x) = [d,,d{pt)]{x) - a{t). 

V 

Assertion 5.E. There exist positive constants 0 < cq < Gq < oo such that 
[ w{t)^ dx < [ w{0)^ dx + ^ / a"{s)^ ds + r 2 {t) , 

Jo Jo ^ Jo 


(5.5) 


where the remainder r 2 has been introduced in Assertion \5.D\ 
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Proof. The proof is similar to the one of Assertion 15.Al We first show that 

^ Jo D{pt)[dld{pt)]^ dx + 

+ P / ^ [dxD{pt)]'^ [dld{pt)]'^ dx + Au / wiff dx 

Jo D[pt) Jq 

for any A > 0. As w{t) vanishes at a; = 0, apply Poincare’s to this functions to get 
that 


f wifY dx < Ki f [dld{pt)]^ dx . 

Jo Jo 


ds . 


Hence, choosing A small enough yields 

^ f w{tY dx < — cqu [ w{t)^ dx + + C'ouGi(t) , 

dt Jq Jq V 

where the function G\ has been introduced in (15.41) . We may replace the constant 
cq by one which is smaller than the constant foo appearing in the statement of 
Assertion [ad] By Gronwall inequality, 

J\it)^dx < 6-^°’'* J\{0f dx + + pGi(s)} 

To complete the proof of the lemma, it remains to recall the statement of Assertion 
[API □ 

Lemma 5.4. Assume that civ > 2AAGi/3i(to) for some to > 0. Then, there exist 
positive constants 0 < cq < Go < oo such that for all 0 <t < to, 

WdMtmlo < CQe-^'>’^*[j\{0)^dx + F^iO) + 

+ + - f a'fsYds + l^e^oh{to)[i+A\ 

y. V Jq V‘^ ) 

Proof. Assume that 2AriGi/3i(to) < ciu for some to > 0 and fix 0 < t < to. Since 
Jq (dxd(p(t)) dx = 0, subtracting this integral and applying Schwarz inequality, we 
get that for all x € [0,1], 

ldxd(p(t,x))]^ < Cq f [dld{p{t,y))]'^dy . 

Jo 

Adding and subtracting oJifyjv, by Young’s inequality, the previous expression is 
less than or equal to 

Go [ w{tf‘dy + Go ^ ■ 

Jo 

By Assertion 15.El the first term of the previous expression is less than or equal 
Goe”'”"^* / w{0)^ dx + ^ [ a''{s)^ds + r 2 (t) . 

Jo ^ Jo 

By its definition and by Assertion 15.Bl 


to 


Go 


T2(t) < Goe-“«‘'‘1^2(0) + t Fi{0)] + 


To complete the proof it remains to recollect all previous estimates. 


□ 
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Let 


q{t) = \\dxd{pt)\\oo , Q{t) = sup q{s) , t > 0 . 

0<s<t 


(5.6) 


Assertion 5.F. Suppose that (3(to)(l + n'^Ki) < Ci for some to > 0. Then, there 
exists a positive constant Cq < oo such that for all 0 < t < to, 

[ w{tf^dx<e-‘^-’'^[ w{0f^dx+ [ , 

Jo Jo Jo 

where a„ = [ci — (5(to)(l + ri^Ki)]!Ki and 


Hn-i{s) = Co^n'^q{sf 


V{sr 


T'isr 


} u;(s)2("-i) dx . 


Proof. Since w{t) vanishes at the boundary, an integration by parts yields that the 
time derivative of w(t)'^'^ dx is equal to 

-2n{2n-l)iy f D{pt) [dld{pt)]^ dx (5.7) 

Jo 

— 2n{2n—l)i' f dxD{pt)w{t) d^d{pt) dx 

Jo 

— 2n(2n — l)a'(t) [ dxD{pt) d^d{pt) dx — [ w{t)‘^^~^ dx . 

Jo V Jo 

In this formula, in the second line, we added and subtracted {l/n)a'{t) to recover 
w(t) from dxd{pt). 

Recall the definition of q{t), introduced in (15.61) . and the one of the constants Ci, 
Cl, defined in (15.31) . Estimating dxD{pt) by Ciq{t), and applying Young inequality 
to the last three terms of the previous displayed equation, we obtain that the time 
derivative of w(t)^" dx is bounded by 

- 2n {2n - 1) ^ - j} [d^dipOf dx 

+ 2n(2n-l)i/{^ + i} J witf'^dx 

+ Co{n^Aq{tf ^ u;(t)2("-i) dx , 

for every A > 0. 

Let f{x) = w{t,x)^. Since / vanishes at the boundary and since f'{x) = 
nw{t,x)^~^d^d{pt), by Poincare’s inequality, 

/ wft)'^'^ dx = f f^ dx < Ki [ [f']^dx = Kin^ f [dld{pt)]'^ dx . 

Jo Jo Jo Jo 

Set A = 2(1 + n^Ki)/c\. With this choice, by assumption, ci — q(J)/2 — 1/A > 0. 
In particular, the sum of the first two line of the penultimate displayed equation is 
less than or equal to 

2n(2n — 1) v 


2n2/C 


——|ci — q(t)(l + n^iLi)| [ w{t)'^^ dx . 
1 Wo 


Since 2n{2n — l)/2n^ > 1, to complete the proof it remains to apply Gronwall 
inequality. □ 
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Assertion 5.G. Assume that 2(1 + Ki)CiQ{to) < ci for some to > 0. Then, there 
exist positive constants 0 < co < Co < oo such that for all 0 <t < to, 


[9ldipt)]‘^ dx < e" 


[dld{po)fdx + 




H{s) ds 


where a = [ci — 2(1 + Ki)CiQ{to)]/2Ki, and 


H{s) = Covq{sf [ [dld{ps)fdx + Co u / [dld{ps)]^ dx + ^[q;"(s)]^ . 

Jo Jo ^ 

Proof. The proof is similar to the one of Assertion I5.BI Fix to > 0 satisfying 
the hypothesis of the lemma and consider some t < to- Since p(t,l) = at, 
a''{t) = df,[D{p{t))df,d[p{t))\ at a; = 0, 1. Adding and subtracting u“^a"(t), 

and integrating by parts, we have that 




+ V 


ft) I d^d{pt)dx. 

JO 


(5.8) 


Let Hi (a) = (logH)'(a), £> 2 ( 0 ) = (log H)"(a)/H(a). EyLpand dl{D{pt) df,d{pt)}, 
and observe that df,D{pt) = Di{pt)d1d{pt)+D2{pt)[dxd{pt)Y to write the first term 
on the right hand side of the previous formula as 

- V ( D{pt)[dld{pt)f dx - 2 v j dxD{pt) dld{pt) d*d{pt) dx 

Jo Jo 

- V ( Di{pt)[dld{pt)f dld{pt)dx - v ( D2{pt)[dxd{pt)Ydld{pt) dld{pt) dx . 

Jo Jo 

Recall the definition of qft) introduced in (15.61) . and recall that Ci = info<Q<i D(a), 
Cl = ||Hi||oo. Apply Young’s inequality to the last three terms and to the last term 
in (15.81) to obtain that the left hand side of (15.81) is less than or equal to 

- v[cx-‘^-Ciq{t)] \dld{pt)fdx + Cipg(t)^ [dld{pt)f dx (5.9) 

+ ACovq{t)'^ [ [dld{pt)fdx + ACoiy [ [dld{pt)f dx + ^[a"(t)]^ 

Jo Jo ^ 


for all A > 0. 

Since o 
inequality, 


Since df,d{p{t,l)) = df,d{p{t,0)), d)^d(pt) dx = 0. Therefore, by Poincare’s 


/ I9xd(pt)rdx < Ki I [d^d{pt)]^ dx . 
Jo Jo 


Set A = 4/ci. Since, by hypothesis, 2Ciq{t) < 2CiQ{to) < ci, the first line of ()5.9I) 
is bounded by 

- ^ [ci - 2Ci [1 + Ai] g(t)] ^ [dld{pt)]^dx < -az/^ [dldipt)]"^ dx , 

where a has been introduced in the statement of the assertion. To complete the 
proof, it remains to apply Gronwall inequality. □ 

Proof of Proposition 15.11 The claims are straightforward consequences of Lemmas 
15.31 and EH We turn to the third assertion. □ 
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Proof of Provosition \5.2[ Since df.d{p)(t, 1)—(1/v) a'{t) vanish as x = 0, by Schwarz 
inequality, for any xo € [0; l]j 

[d!d(p,}(xo)-a'(tr < f\d^d(p,)(x)r . 

Jo 

Fix to > 0. By ProDOsition l5.ll Q(to)^ < CqS^, where Therefore, 

there exist Eq > 0 and i/q < oo with the property that the hypothesis of Assertion 
15.Gl is in force for all e < Eq, > r'o- In particular, the previous expression is 
bounded by 


CoE^ 




H{s) ds 


where PI has been introduced in the statement of Assertion 15.Gl By Proposition 
15.11 which permits to estimate g(s)^, by adding and subtracting q;'(s) to df.d{ps), 
which permits to recover the function w{s) introduced in (15.5L the second term of 
the previous equation is less than or equal to 

Go{4 + 4} + Co [ {S^w{sf + [dld{ps)f} dx . 

'■V J Jo Jo 

By Assertion 15.El this sum is bounded by 

Go{^+e4} + Coi^J^dse-‘^''^*-^^[s\2{s) + j\dld{ps)]Ux}, 

By Assertion [AB] r 2 {s) < CoS'^- We may thus remove r 2 from the previous formula. 
By Young inequality, by Assertion 15.FI and by Proposition 15.11 the second term 
without r 2 (s) is less than or equal to 

Go{^+e^} + CoS"^ dr ^ w{rf dx . 

By Assertions 15.El and 15. B1 the previous expression is less than or equal to Co5'^- 
This concludes the proof of the proposition. □ 

Proof of Provosition \2.S[ By ProDOsition l5.ll for every to > 0, there exists vq < oo 
and B < oo, where B depends on a(s), 0 < s < toj and on the initial condition vo, 
such that for all 0 < t < to 

\Wi2it)\\lo < [ [dxUj,{t)fdx < B (5.10) 

Fix to > 0 and 0 < t < tp. By definition, Uv{t, 0) = Uv{t, 1) = 0, and 
dtUu = V ^dx[D{at+£u,j)dxUif\-a'{t)^ = v dx^D{at+£u,f)dxU,,-D{at)dxVt'^ . 
where e = v~^. 

Therefore, for every t > 0, an integration by parts yields 
1 d 


2 dt 


/ [Ui.(t) - dx = / [u,j{t) - vt]dtVtdx 

Jo Jo 

- V j dx[ui,{t) - vt] {D{at + eUi,)dxUi, - D{at)dxVt} dx . 
Jo 
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The second term is less than or equal to 


Jo Jo 

< -cqv / [dxUu{t) - d:,:Vtf dx H- - j u^{t)‘^[d:^Uy{t)Y dx . 

Jo ^ Jo 

By (15.101) . the second term is bounded by B/i'. Therefore, by Young’s inequality 
and by Poincare’s inequality, 


l_d 
2 dt 


f [u^{t) - Vt]'^ dx < -CQiy [ [u„{t) - Vt]'^ dx + — f (dtVt)'^ dx + 
Jo Jo ^ Jo 


B 

V 


To conclude the proof, it remains to apply Gronwall inequality. 


□ 


6. The diffusion coefficient 

We provide in this section of formula for the diffusion coefficient. 

Fix a cylinder function / : {0,1}^ —?► K., and recall from (13.171) that / : [0,1] —>■ R 
represents the polynomial defined by 

/>) = E,,[f{^)\ . 

Write [/(C)] E^g[f{^)Nh], where Nh is the Radon-Nikodym derivative of 

vg+h, restricted to the support of /, with respect to vg, to get that 

^ (6-1) 

^ ' fcez 

where {f',g)g represents the covariance between two cylinder functions /, g in 
L^{vg)- {f',g)g = E^g[fg] — E,yg[f]E^g[g], and c{6) the static compressibility, given 
by c(d) = 0(1-0). 

Recall the definitions of the cylinder function h, introduced in p.l5l) . We claim 
that 

h'(0) = D{0) . (6.2) 

Indeed, since the cylinder function c{r]) does not depend on g(0) and ?7(1), 

c{9)D{e) = -^fc([7?(0)-7?(l)]c(?7); 77(fc))g . 
feez 

Note that all terms in this sum vanish but the one with fc = 1, and that the sum over 
k is finite because c is a cylinder function. By (EH and by a change of variables, 
the right hand side is equal to 

m m 

a{j){r-jha-, r]{k))g = -EE ^ da{j) ; g{0)}g ■ 

/c^Z a—1 jGZ a—1 k^j^'L 

Note that sum over j is finite because jia has finite support. By definition of ma^ 
and since the total mass of Ha vanishes, daiJ) = 0, performing the change of 
variables k' = j + k last term becomes 

mm m 

{r.kha; v{Q))g = '^ma'^{ha;v{k))g = c{e)'^mah'^{0) , 

a—1 fc,GZ a—1 fc,GZ a—1 

where the last identity follows from mi- This last expression is equal to c(0)/i'(0), 
which concludes the proof of (16.21) . 
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